Non-destructive testing (NDT) has a promising capability for crack detection. In this paper, a novel method for accelerating eddy current calculation for crack detection using the finite element method (FEM) is presented. This method exploits the fact that, due to the presence of a small defect, the stiffness matrix in FEM for a sample plate with the defect can be regarded as a summation of the stiffness matrix Q from the sample plate without the presence of the defect and the perturbation matrix D from the defect. The inversion of the stiffness matrix for a sample plate with the defect can, therefore, be obtained using the perturbed matrix inversion (PMI) method. PMI method only requires the inversion of a much smaller matrix and therefore improves the speed of the computation process. Numerical tests verified the effectiveness of the proposed method in shortening the computation time for crack scanning in FEM.
I. INTRODUCTION
The emergence of high-speed and high-capacity electronic computers and the rapid development of the numerical analysis algorithms offer favourable conditions and a solid foundation for the development of computational electromagnetics. So far, when it comes to the numerical analysis for electromagnetics, it can be mainly divided into two kinds of methods, one is the finite element method (FEM) [1] , and the other is the boundary element method (BEM) [2] . Both of them are universally adopted to obtain the solution with accuracy and efficiency [3] . FEM can be utilised for electromagnetic analysis of specimens with arbitrary geometry and media information and is commonly used in non-destructive evaluation (NDE). It discretises the whole sample model to masses of subdomains. Moreover, shape functions are interpolated to approximate the unknown fields. By integrating the equations The associate editor coordinating the review of this manuscript and approving it for publication was Chong Leong Gan . of all elements, it is regarded as finding the numerical solution of the discretized formulations [4] , [5] .
In recent years, to hasten the calculation of electromagnetic (EM) problems, various approaches have been put forward. They can be summarised into two kinds, that is, the improvements in the eddy current algorithm as well as the advancement of finding the solution.
From the aspects of improving the formulation/strategy, a novel multi-layered conductive structures (MCS) model was developed in [6] for electromagnetic non-destructive evaluation techniques. Instead of using the integration model, the computation was simplified by applying the series expression based on the truncated region eigenfunction expansion (TREE) method. Compared with the conventional FEM, the computation speed has been hastened over a hundred times when using the TREE method. However, this method is usually applied in certain layer-isotropic materials. In addition, a fast simulator based on the precomputed unflawed database approach was proposed in [7] for the evaluation of the crack size. Due to the advantage of its detectability, this method can be used for crack reconstruction. Other researchers have also explored fast computation for nondestructive testing for crack inspection [8] [9] [10] [11] . It has been found that some terms in the formula are independent of the crack and can be calculated ahead of time, then stored in a database. As a result, the computation burden can be significantly reduced. In [12] , Noritaka et al. have developed a novel algorithm by using the Tabu search for reconstruction of the crack. Although the algorithm is expected to be time-consuming, it is compatible with parallel computation so that the time reduces dramatically. Moreover, the FEM-BEM approach has been greatly applied [3] , [13] , [14] , which combines the boundary element region with the finite element region to obtain a solution of the non-uniform material distribution. For the sake of accelerating the computation speed for FEM, SuiteSparse [15] and GRID [16] were also developed to solve systems of linear equations.
To further advance the numerical solution process, in our previous works, a fast FEM approach has been proposed. The principle of the acceleration is introducing a preconditioner [17] , [18] for the evaluation of eddy current formulation. In addition, an equivalent-effect phenomenon has also been proposed for the electromagnetic computation of thin structures [19] .
In this paper, a fast edge-element FEM technique for scanning sensors over a sample plate with defects is presented.
This method is based on the perturbed matrix inversion (PMI) method to evaluate the change of the eddy current due to a small defect and its effectiveness in improving the computation speed has been verified through numerical experiments.
II. A-V EDGE-ELEMENT FORMULATION AND PERTURBED MATRIX INVERSION A. A-V EDGE-ELEMENT FORMULATION
Eddy currents can be induced by the time-varying magnetic field within a conducting target. With the aid of the edge shape functions and the nodal shape functions, the unknown vector potential and scalar potential fields can be approximated. In order to construct the shape functions for each tetrahedral element, matrix transformation from global space to local space can be used if isotropy is satisfied for every edge element [20] . 
where, J denotes the Jacobian matrix, xyz denote the coordinates in the global space, ξ ηζ denote the coordinates in the local space,λ v andλ s denote the relevant components in the local space and λ v and λ s denotes the relevant components in the global space. Then combine approximated fields with the boundary conditions, Galerkin equations can be obtained, shown as followings:
where, V n denotes the scalar potential (voltage) of element n. A n denotes the induced vector potential corresponding to element n. σ denotes the media electrical conductivity. v 0 denotes the reluctivity in the free space domain. v denotes the reluctivity for the target. It is noted that, for every arbitrary element n, the matrix Q n can be expressed by the stiffness matrix form which is the combined by the left-hand terms of equations (5) and (6).
From the aspect of the whole system, the whole system matrix can be derived by combining equation (7) to equations (5)-(6) and expressed as
According to equation (8), the K matrix consists of two parts, the K 1 and K 2 matrices. K 1 matrix represents the 1st A term of equation (5) and it plays a role for the generation of the basic A wave. K 2 represents the 2nd A term of equation (5) and the eddy current diffusion effect can be revealed by K 2 matrix. L represents the 1st V term of equation (5), and it monitors the eddy current confined within the sample geometry (Maxwell-Wagner effect). M represents the 1st term of the left-hand side of equation (6) and N represents the 2nd term of the left-hand side of equation (6) . The magnetostatic field is governed by both of the terms. B represents the right-hand side of equations (5) and (6) , and it acts as the environmental background field. p represents the order of the edge. q represents the order of the vertex. The pre-conditioning technique is also applied to increase the accuracy of the calculated A and V of the whole mesh.
After obtaining A and V of the whole mesh through equation (8), the electric field can be formed by combining the canonical A -V formulation with the Coulomb gauge [21] :
According to the principle of Lorentz reciprocity in [22] , the inductance measured by the sensor can be derived: (10) where, L represents the variation of the inductance due to the substrate domain of a and b.
B. ACCELERATION BASED ON PERTURBED MATRIX INVERSION
Fast eddy current computation is vital for non-destructive testing. The perturbed matrix inversion (PMI) method was used for solving the linear system of equations in FEM when a small defect is present on the sample. As described in equation (8), it can be regarded as solving a large system of algebraic equations. Assume that a small defect is present on the sample, the system matrix is a slightly varied matrix to the sample without the defect. The variation matrix (or the perturbation matrix) due to the defect can be expressed as
According to the Sherman-Morrison-Woodbury formula, the inversion can be expressed as
Then substitute Q −1 with Q , then equation 11 can be simplified as [23] 
Consequently, the solution can be obtained through the PMI method. All the computations were operated on the platform ThinkCentre M910s, with 16GB RAM and Intel Core i7-6700 processor.
III. NUMERICAL EXPERIMENTS AND VERIFICATION OF THE PMI METHOD A. MODELS
In Fig. 1 , the objects have been modelled as an unflawed metallic plate and a metallic plate with a defect in the centre. For both metal plates in (a) and (b), the length, width and height are 20 mm, 20 mm and 5 mm respectively. For the metal plate with the defect in (b), the simulated defect is placed in the centre with a length of 5 mm, a length of 0.5 mm and a height of 3 mm. Two blocks are centred at (10, 10, 2.5) mm. To validate the solver, two materials are chosen for the metal plates, one is aluminium with the electrical conductivity of 35 MS/m at 20 degrees, and another is copper with the electrical conductivity of 57 MS/m at 20 degrees. 
B. SENSOR CONFIGURATION
The sensor schematic and the sensor parameters are exhibited in figure 2 and table 1, a coaxial sensor is used in the simulation process. Both the radius of the excitation coil and the receiving coil are set to 0.5 mm. The lift-off of the sensor is 0.05 mm and the gap between the excitation coil and the receiving coil is 0.2 mm. The magnitude of the injection current in excitation coil is 1 A. During the simulation for crack inspection, the coils are moving in parallel along the y-axis (from (10, 0, 5) mm to (10, 20, 5) mm).
C. TEST OF THE ACCELERATED FEM
According to the Dodd Deeds formulas, the inductance variation due to the sample plates (aluminium and copper) without defect can be calculated, shown in figure 3 and figure 4 . The sweeping frequency changes from 10 Hz to 1 MHz in the analytical solution.
It can be seen from the figures above that edge FEM simulation and analytical results are matched well with each other under the frequency range from 10 Hz to 100 kHz. Compared with the results from the aluminium plate, the characteristic frequency reduces when the copper plate was used, which is in accordance with the relationship between the conductivity and the characteristic frequency. In addition, given that the solution from analytical formulas is the results for the plate with infinite width and length, for the imaginary part of the inductance results, there exists some error as the frequency sweeping from 100 kHz to 1 MHz.
D. ACCELERATION PERFORMANCE IN CRACK SCANNING
As the perturbation matrix due to the presence of the defect on the sample was assigned to be the perturbation matrix D, the acceleration performance from the PMI approach can be obtained in order to detect the presence of the defect. The result of the PMI approach was compared with that calculated from the conventional conjugate gradient squared (CGS) method. The frequency was set to 10 Hz. The defect depths of the sample plate are 1 mm, 2 mm and 3 mm respectively. The results are shown in the following subsections. 
1) VERIFICATION OF THE PMI-BASED ACCELERATION SOLVER
Figures 5 and 6 demonstrate the changes of induced voltage on the receiver coil as the sensor scans along the y axis above the sample plates ( figure 1(b) ) with three different depths of the defects under the same frequency and lift-off. It can be seen that CGM and PMI methods agree well. As expected, the maximum value (peak value) of the voltage occurs at the center of the sample where the defect is located. The deeper the defect is, the larger the change in the induced voltage. There is a larger drop as defect depth increases from1mm to 2 mm than from 2 mm to 3 mm, which is due to the strength of eddy current decreases as the depth increases. Compared with the results from the aluminum plate, the change of the received voltage from the copper plate is slightly larger which is due to a higher conductivity for copper. Figure 7 illustrates the effect of the lift-off for the crack detection simulated from the copper plate with a 3 mm depth defect in the middle of the plate. The lift-off of the sensor is 0.05 mm and 0.5 mm respectively. The results from both methods agree well and the peaks of the voltage change are located at the same place. With the increase of the lift-off, the peak value decreases around 2.5 times which also proves the lift-off is one of the crucial factors in the crack detection process.
2) EFFECT OF SAMPLING POINT DENSITY DURING SCANNING
The effect of the sampling point density for crack detection is presented in Fig. 8 . The aluminium plate with a 3 mm depth of defect was used in the simulation process. The computation time varies from 100 s to 300 s for each scanning process by using the PMI method while it consumes 300 s to 900 s by using the conventional CGS method as the scanning sample points increasing from 50 to 150 in the step of 4. It can be noticed that the computation speed of the PMI method is about 3 times faster than the conventional CGS method. As the sampling point density increases, the time needed is increasing linearly and the time for high density of sampling points shrinks a lot as using the accelerated method.
3) EFFECT OF FREQUENCY
As shown in Fig. 9 , the relationship between the frequency used in the simulation and the computation time is plotted. The frequency used ranges from 10 Hz to 10 kHz in a logarithmic scale in the simulation process. After adopting the PMI method, the scanning speed is much faster than the conventional CGS method. The computation time used for PMI and conventional CGS methods almost remains stable regardless of frequency settings, around 200 s, and 550 s respectively. It can be concluded that the acceleration efficiency remains almost the same concerning the frequency in the scanning process.
4) EFFECT OF DEFECT DEPTH
As can be seen from table 2, for the PMI method, the computation time slightly increases as the defect depth increases to 3 mm when aluminium plate was used while the speed almost maintains stable when the copper plate is used. Meanwhile, for the CGS method, the computation time increases no matter which material is used. It can be noticed that the acceleration efficiency under the defect depth of 3 mm is slightly higher than that under the defect depth of 1 mm and 2 mm.
IV. CONCLUSION
This paper has proposed a method to accelerate the computation for the crack detection in FEM eddy current calculation by using a PMI method. Based on the perturbed matrix inversion (PMI) method, the effect of the perturbation matrix caused by the defect can be easily taken into account without inverting a full matrix.
From the results of the numerical tests, a good agreement can be found between the edge FEM and the analytical solution by Dodd and Deeds, which verifies the accuracy of the FEM solver. Besides, the PMI method agrees with the conventional CGS method but has higher computational efficiency. In numerical tests, two materials (aluminium and copper) are modelled. The results from both materials showed that the computation time by the PMI method was shortened about 3 times compared with that by the conventional CGS method. Moreover, the acceleration efficiency is slightly related to the crack depth due to the degree of perturbation on the stiffness matrix with different crack depths, but it remains almost the same for the frequency used in the scanning process. It should be noted that the initial inversed stiffness matrix Q needs to be calculated prior in order for this method to be effective.
APPENDIX
Firstly, the Dodd Deeds formulation is applied in order to obtain the variation of the inductance between the transmitter and receiver due to the presence of the testing sample [24] , [25] . The complex inductance variation can be represented as
where: L(ω) and L A (ω) denotes the inductance with and without the presence of the sample. The equations of Dodd Deeds analytical formulation are shown in followings:
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